Abstract-Previous enhancements to the finite difference time domain method have facilitated the analysis of structures such as those containing sharp metal edges which are aligned with the mesh or of smoothly curved metal objects. So far, however, there has been little work on the often encountered situation of thin metal edges which are inclined at an angle to the mesh other than for the special case of diagonal orientation. In this paper, the general case is examined and it is shown that the concept of modified assigned material parameters (MAMPs) can be extended to provide an effective and accurate means of treating this problem. Results are presented for curved microstrip patches, arbitrarily inclined rectangular microstrip patches and for the more complex case of a coplanar fed bow tie slot antenna.
I. INTRODUCTION
T HE finite difference time domain (FDTD) method has enjoyed ever increasing popularity since its inception in 1966 [1] and throughout its subsequent development from that time until today [2] . It is well known that structures containing sharp metal edges which are aligned to the FDTD mesh can be efficiently analyzed using enhanced FDTD methods. Such enhancements include the use of static field solutions (SFSs), e.g., [3] or modified assigned material parameters (MAMPs), e.g., [4] to account for the singular nature of the field near the edge. In the former case, the FDTD algorithm is expressed as an instance of the method of weighted residuals with singular basis and test functions which take the place of the linear basis functions used in basic FDTD. In the latter case, the effect of the singular behavior of the fields near the edge is accounted for by using an appropriately modified value of permittivity and permeability for the material surrounding the edge. The use of MAMPs has been shown to be simple and effective for a variety of situations including patch antennas [4] , lossy coaxial structures [5] , wires [6] , [7] and microstrip transmission lines [4] .
Often, however, a structure will contain sharp edges which are not parallel to each other or are curved. In either case, the edges cannot be aligned with a Cartesian mesh and other ways must be found to perform an analysis. Examples of this include the circular patch antenna described in [8] , the inclined microstrip patch described in [9] and [10] and the bow-tie slot antenna described in [11] . Despite the importance of this class of structure, there has been, to the authors' knowledge, little published work in the literature other than for the special, and quite restrictive, case where the edge is diagonal [9] , [12] - [14] . In this paper, it is shown that the concept of MAMPs can be extended to provide an effective treatment of general curved and angled metal edges without extra restrictions on the position or shape of the cells. Results using this method are compared to those obtained using basic FDTD with a much finer mesh and also to those obtained using the Dey-Mittra method, [15] , which is highly successful for smooth metal boundaries but has limited benefit when used with sharp edges.
II. GENERAL DERIVATION OF MAMPS
The MAMP approach is described in detail in [4] and [5] so only the key features of the method are given here.
Consider Maxwell's equations in integral form
Applying these to an FDTD mesh in the usual way yields update equations having the following form:
where , and are the cell sizes, , and are the serial numbers of the cell, is the average of the quantity, , along an directed cell edge and is the average of the quantity, , over an cell face. The other four update equations can be obtained by rotating the coordinates.
In order to complete this set of equations it is necessary to relate the surface averages on the left hand sides to the line averages on the right hand sides. If the fields are assumed to be constant within each cell then the two are the same and the standard 0018-926X/$26.00 © 2010 IEEE FDTD update equations are obtained. However, in the vicinity of an edge, since the asymptotic field behavior is known, a more accurate relation can be obtained.
Inspection of the equations shows that the ratios of the surface averages to the line averages can be expressed as a modification to the material parameters in the cell. This leads to a particularly simple and physically meaningful result. For example (5) where (6) As long as the behavior of the component of the field is known in the space surrounding the singularity, this parameter is readily calculated. In the final program, only the line integrals are stored, the surface integrals are not explicitly calculated. The update equations for the magnetic field components are dealt with in a similar way giving modified values for the permeability. A major benefit of this formulation is that the metal boundaries can be accounted for simply by changing the value of permittivity and permeability used in the update equations. No extra arithmetic is required after the initial setup.
The presence of a metal boundary will primarily affect the cell containing it but there will also be a lesser effect of neighboring cells. It was found, however, that the accuracy of the results was not noticeably affected if these lesser effects were neglected. Consequently, in the work described here, only the cells which contain a metal boundary are modified.
Modifying the assigned material parameters, particularly if they are reduced, will affect the time step which is required in order to satisfy the CFL stability condition. In this work stability has been obtained by setting the time step to 0.7 of the CFL maximum and also by not allowing any assigned parameters to be less than 0.2.
III. APPLICATION TO A CURVED PATCH
Consider the case of a curved metal patch such as the ellipse shown in Fig. 1 . For each cell which is cut by the metal edge, the curved boundary is approximated by the sector of a circle. An example of this is given in Fig. 1 for the cell at the center left, position (1, 3) , of the figure. The approximating circle for this cell is shown in light grey. As part of the pre-processing before the start of the FDTD iterations, the coordinates of all the intercepts between the metal boundaries and the cell edges and cell diagonals are ascertained. Thus, for each cell containing a boundary, there are always three known points which must lie on the approximating circle. For this example, these are labeled as , and . The center, , of the circumscribing circle of the triangle formed by these three points can readily be found as follows: (7) (8) where (9) The radius of the circle is given by (10) where (11) The electric potential at a point , caused by a charged conducting circular disk in the -plane, centred at the origin and of radius, , is obtained by solving Laplace's equation in cylindrical coordinates and imposing the condition that the potential is constant on the disk. The result is given in (12) (12) where is the radial distance from the center.
Analytic solutions for the derivatives of the potential with respect to and are readily obtained giving the required field distributions (13) (14) where (15) The required integrals can then be calculated numerically.
For example, the modified parameter for the update equation, , is calculated by first recognizing that for this situation 
where are the coordinates of the origin of the cell being updated.
It is noted that although the ellipse is approximated by a series of circles, the calculation of the field distribution around each circle is rigorous and includes the effect of the non-uniform charge distribution. The validity of this approximation is shown by the results presented in the next Section.
IV. RESULTS FOR AN ELLIPTICAL PATCH
To show that the method works for a curved edge, a series of elliptical patches all having a major radius of 3.6 mm and having minor radii ranging from 0.2 mm -3.6 mm were placed on a substrate of relative permittivity 2.33 and height 1.12 mm and modelled. Three different FDTD meshes were used in the trials. Firstly, a reference model was run using a very fine mesh having a cubic cell of size 0.08 mm which is at 13 GHz. To evaluate the method, results were then obtained using a cell size of 0.56 mm which corresponds to the coarser mesh used in [9] . For comparison, runs were made the Dey Mittra method, [15] , as well as the MAMP method which is the subject of this research. Figs. 2 and 3 show the coarse FDTD mesh with the circular patch and the sharpest elliptical patch which was analyzed embedded within it.
The resonance frequencies, calculated using the different methods are plotted as functions of the minor radius size in Fig. 4 . Here it can be seen that the agreement between MAMPs and the reference is, in almost all cases, significantly closer than between Dey-Mittra and the reference. Despite the minor radius of the sharpest ellipse being less than the FDTD cell size, the accuracy is still improved over other methods.
V. APPLICATION TO AN INCLINED EDGE
The case of a straight edge which is inclined at an angle to the FDTD mesh, such as the patch shown in Fig. 5 , was treated in [10] . The general method is similar to that used for the curved edge except that the appropriate formulae for a straight edge must be used. These are given in (16)- (20) where is the distance from the edge in the plane of the patch, is the distance from the edge perpendicular to the plane and is the width of the patch. These expressions are derived in [16] and are based on the singular behavior of the current distribution on a microstrip line. Unless the width is less than approximately 5 times the cell size, it can be taken as infinite with no significant change in results. Again, each edge is characterized by its intercepts with the cell edges as shown in Fig. 6 . To maintain generality in the software implementation, the three intercepts, as used for the curved edge, are always calculated and the choice of field equations is made depending on whether the radius of curvature is greater or less than a chosen threshold value (19) (20)
In order to apply these expressions to an inclined edge, a change of coordinates is made so that the fields and distances are referred to the FDTD mesh. This is done as follows: (21) (22) (23) In order to calculate the modified parameters, using equations such as (6) , it is necessary to evaluate the line and surface integrals of the static fields. Where analytical solutions to the integrals are available, such as those given in (24) and (25), these may be used. In the cases where analytical solutions are not available, the integrals may be done numerically. Where numerical integrals are required, they are well behaved and can be readily evaluated using simple algorithms.
In Figs. 7 and 8 , examples of the values of the parameters and are plotted as functions of the intercept of the edge with 
VI. RESULTS FOR A TILTED MICROSTRIP PATCH
A microstrip patch similar to that used in [9] was considered. This is a patch of size 9.6 mm 6.4 mm on a substrate of relative permittivity 2.33 and height 1.12 mm. The same three different FDTD meshes were used in these trials as were used in Section IV. The reference model was run using a very fine mesh having a cubic cell of size 0.08 mm ( ) and with the edges aligned with the mesh, i.e.,
. Results were then obtained with the patch orientated at angles of between 0 and 90 and using cell sizes of 0.16 mm and 0.56 mm which correspond to the meshes used in [9] .
In Figs. 9 and 10 the predicted values of the first and third resonance frequencies are plotted as a function of the angle of inclination. The horizontal line is from the reference run. It can be seen that the staircase approximation with a 0.16 mm mesh underestimates the frequencies by a small amount whereas the staircase approximation with the coarse, 0.56 mm, mesh gives rise to significant errors of the order of 8%.
In contrast to this, it can be seen that the coarse mesh with modified parameters gives a much reduced average error which is of the order of 1% and is superior to the finer mesh staircase. The approximate saving in computer memory is a factor of 40 and in computer time is a factor of 150. It is noted that the errors obtained using MAMPs are similar to those quoted for the method presented in [9] . However the method of [9] is only applicable to the diagonal case whereas this method is applicable to any angle of inclination.
Calculations were also performed using the Dey-Mittra method [15] which accounts for the position of the edge within the cell but does not account for the singular behavior of the field. It can be seen that although the error is much less than with the staircase approximation it is still, in most cases, substantially greater than with MAMPs.
VII. A COPLANAR-LINE FED BOW-TIE ANTENNA
As a more complex and realistic trial of the technique, a coplanar-fed bow-tie slot antenna of the type investigated in [11] was modeled. This structure, which is shown in Fig. 11 , with dimensions given in Table I , presents a number of interesting challenges including the coplanar feed itself which contains a gap of width of only 0.15 mm which is . In addition there are several inclined sharp metal boundaries and there is the discontinuity between the feed and the antenna itself. In this trial MAMPs were used wherever available to treat the metal edges.
The for this antenna was calculated using three different meshes. A coarse mesh having a cell size of (0.5,0.2,0.5) mm, a fine mesh having a cell size of (0.25,0.2,0.25) mm and a very fine mesh having a cell size of (0.125,0.2,0.125) mm. Results using the staircase approximation are shown in Fig. 12 . It can be seen that, not surprisingly, the coarse mesh gives a considerable discrepancy when compared with the very fine mesh, particularly for the frequency of the higher resonance. The results from the fine mesh are considerably closer but it can be seen that there is still an appreciable disagreement with very fine mesh which indicates that a still finer mesh is required for full convergence. Fig. 13 shows the results calculated using the different methods with the coarse mesh compared to the very fine mesh using staircase. The results obtained using the Dey-Mittra approach show a substantial improvement over the staircase approximation but the use of MAMPs gives an even greater improvement. The frequencies of the two resonances predicted by MAMPs with the coarse mesh and staircase with the very fine mesh agree closely although there is still a discrepancy concerning their depth. The required memory and execution time for the former is, however, approximately 16 times less than for the latter.
VIII. CONCLUSIONS
It has been shown that the technique of MAMPs can be extended in order to effectively and efficiently analyze metal patches which are curved or have edges at an arbitrary angle to the FDTD mesh. The technique has proved equally successful with the challenging situation of a coplanar fed bow tie slot antenna containing several features which are difficult to model using standard FDTD. Unlike previous treatments, the inclination of the edge need not be in the diagonal direction and normally a uniform mesh with a size chosen only for dispersion considerations can be used. This simplifies the mesh generation and also leads to faster and less memory demanding models. It has been demonstrated that a speed up of at around 150 can be achieved compared to a staircase approximation of similar accuracy.
